Abstract-The derotated phase of a complex wavelet coefficient is defined as the phase of that coefficient minus twice of the phase of its parent coefficient. It was recently introduced and found to be useful in terms of providing more correlation among coefficients near singularities in scale and space. In this paper, we investigate the derotated phase of a complex wavelet coefficient by deriving its probability density function (pdf). We show that the derotated phase can be well approximated by a Gaussian random variable for moderate signal to noise ratio. The simulation results are shown to confirm the consistency between the derived pdf and the derotated phase of the actual coefficients.
I. INTRODUCTION
It is known that phase of signals plays a major role in signal processing. A famous example that proves the significance of phase is in [1] , where the Fourier phase of an image dominates the magnitude in image reconstruction. Furthermore, there is also a close connection between the phase of signals and singularities such as edges in that there is a phase relationship between coefficients near edges. It is observed in [2] , [3] that the phase of a coefficient near an image feature in each scale has a linear relationship with its distance to the feature, which is then employed for feature angle determination [2] , object recognition [3] , and image inpainting [4] . Moreover, it is also observed that the slope of this linear relation in a finer scale is twice as the slope in the next coarser scale [3] . Recently, this hypothesis about intrascale phase relationship is proved and used for texture image retrieval, based on a complex directional transform in [5] .
On the other hand, there is also an interscale phase relationship of complex coefficients near edges. Phase congruency [6] , which measures how much the phases of coefficients across scales are aligned, can also be used as a quantitative metric for significance of image features and as a feature detector. In addition, the interscale relationship as well as the prediction of the complex wavelet phases is investigated in [7] . This prediction is then used to hypothesize that humans percept the blur when the phase coherence is not satisfied. In [8] , a similar interscale phase relationship is proposed and incorporated to generate a hidden Markov tree (HMT) model, in which the phase of the coefficients near an edge is claimed to have the symmetric Beta distribution.
Motivated by the intrascale linear phase relationship and the interscale relationship of the slope, the derotated complex wavelet coefficient is defined in [9] . It is a derotated version of a complex coefficient [9] , which is defined as a coefficient whose magnitude is the same, but the phase is equal to that of the original coefficient minus twice of the phase of its parent in the next coarser level at the same location. For convenience, in this paper we will call the phase of the derotated complex coefficient as the derotated phase. It follows from the definition and the result obtained in [7] that the derotated phases of coefficients near edges are almost aligned. This fact is used to improve the performance of the image restoration [9] , denoising [10] , and estimation [11] , where another proof of the fact is provided. It should be noted that this derotated phase has also been used in texture synthesis [12] . Nevertheless, the pdf of the derotated phase of a complex coefficient near an edge has not been fully investigated yet.
In this paper we derive the pdf of the derotated phase of a complex coefficient near an edge. To confirm the correctness of the derivation, we also show the simulation results to compare the derived pdf with the histograms of the derotated phase of the actual coefficients which are obtained from the dual-tree complex wavelet transform (DT-CWT) [13] . The DT-CWT was developed to overcome the problems arising from using the conventional real wavelet transform which is not shiftinvariant, and thus undesirable for many applications. It is of great interest in the past ten years due to its nice properties such as nearly shift invariance, good directional selectivity, and considerably low redundancy [13] , [14] . Besides, the DT-CWT is a complex-valued transform, and thus provides not only magnitude but also phase information.
II. PRELIMINARIES

A. The dual-tree complex wavelet transform
The DT-CWT [13] consists of two trees of filter banks: the real and the imaginary trees, which provide the real and the imaginary parts of the coefficients, respectively. Let x[n] be the input of the DT-CWT shown in Fig.1 , and let the dual-tree filters pairs (in the frequency domain) for the real and imaginary trees be {H (1) 0 (e jω ), H
1 (e jω ); G
0 (e jω ), G
1 (e jω )} for the first scale and {H 0 (e jω ), H 1 (e jω ); G 0 (e jω ), G 1 (e jω )} for the succeeding scales. Let the complex coefficients in scale
To have those nice properties as mentioned earlier, the wavelet functions of the DT-CWT must be approximately analytic (it cannot be exactly analytic due to the finite support of the filters [14] ). For the DT-CWT to be approximately analytic for every scale (except the first scale otherwise the wavelet functions will not be analytic for the first few scales), the lowpass filters should be chosen such 
and
where θ(ω) = ω 2 when |ω| < π and θ(ω) = θ(ω + 2π). Note that the half-sample delay condition (2) is sufficient and necessary for the corresponding wavelet functions ψ h (t) and ψ g (t) for the imaginary part to form a Hilbert transform pair [15] , i.e. Ψ g (ω) = −sgn(ω)jΨ h (ω), which implies that in each scale the corresponding filters in real and imaginary trees of the DT-CWT form a Hilbert transform pair [16] . We refer to [13] , [14] for more details on the DT-CWT.
III. THE PDF OF THE DEROTATED PHASE
Our primary goal of this section is to find the pdf of the derotated phase of a complex coefficient near an edge. In this paper, an edge is modeled as a step signal corrupted by an additive white Gaussian noise. Without loss of generality, assume that the edge occurs at n = 0, i.e. the edge in noise is
where u[n] is the unit step function, A is a constant, and w[n] is white Gaussian noise with a distribution N (0, σ 2 w ). Note that the signal to noise ratio is 
A. The independence between phases of coefficients in two scales
In this paper, we will consider the derotated phase of a coefficient only in scale i > 1, since the derotated phase of a coefficient near an edge in scale 1 of DT-CWT is not aligned with the derotated phase at the same location in other scales. To argue the independence, the propositions will be used but the details of the proof are omitted in this paper due to space limitation. The complex coefficient of scale i at position n is
, respectively. Because of the relationships between the filters in both trees as in (1) and (2) 
Furthermore, the phase of
can be obtained by the pdf of the offset normal distribution, which is given by [17] 
where is inversely proportional to the variance of the distribution. As η i [n] approaches zero, the pdf will approach the uniform distribution. On the other hand, the parameter φ i [n], which is the phase of the coefficient at that position in the absence of noise, is the mean of the distribution. In fact, it is easy to show that the distribution is symmetric about
The pdf in (4) can be well approximated bŷ 
B. The pdf of the derotated phase
Due to the periodicity of f Θi [n], the pdf of
Using (6), f 2Θi[n] can be approximated for large
of a coefficient near an edge in scale i is given by Hence, the pdf of the derotated phase in scale i is obtained by
where * denotes the circular convolution of a period of 2π. For large η · [n], the circular convolution can be approximated by linear convolution. Using the property that the convolution of two Gaussian distributions is still Gaussian, the pdf of the derotated phase can be approximated by:
where 
IV. SIMULATION RESULTS AND DISCUSSIONS
To confirm that the phase pdf is consistent with the actual coefficients, the comparison between the phase histograms and the phase pdf's as derived in (4) are illustrated in Figs. 4(a) -4(c) for scales 3 -5 where A is set to 0.5 and σ w is 0.1. A realization of the noisy step signal is presented in Fig. 3 . One can see that the histogram in each scale corresponds to the derived pdf, and that the approximation of the phase pdf as in (6) also matches well with the histogram in each scale. Moreover, it can be seen that the parameter η i [0], which is inversely proportional to the variance, increases as i increases. Furthermore, the parameters φ i [0] (as tabulated in Table I ) are closer to each other across scales than those φ i [−8] . This is because there is phase coherence of a coefficient at an edge along scales.
In addition, the histograms and the pdf's of the derotated phase of complex coefficients at two positions n = 0, −8 are shown in Figs Table I ). Considering the parameter γ i [n] of the derotated phase, one can see that as the scale i increases the value of γ i [n] also increases.
V. CONCLUSION
We have derived the pdf of the derotated phase of a complex coefficient in the dual-tree complex wavelet transform (DT-CWT) framework. It is shown that the pdf of the derotated phase can be well approximated by the Gaussian pdf for moderated signal to noise ratio. The simulation results are provided to confirm that the derived pdf is correct and the approximation is acceptable. Moreover, the results also confirm that the derotated phase of a coefficient is more correlated than the actual phase. With the derived pdf and its approximation, one can perform statistical signal modeling using the derotated phase effectively. (4) and the use of (7) while the dash line is the approximation in (9) 
